Abstract: Optical frequency combs have become indispensable in astronomical measurements, biological fingerprinting, optical metrology, and radio frequency photonic signal generation. Recently demonstrated microring resonator-based Kerr frequency combs point the way towards chip scale optical frequency comb generator retaining major properties of the lab scale devices. This technique is promising for integrated miniature radiofrequency and microwave sources, atomic clocks, optical references and femtosecond pulse generators. Here we present Kerr frequency comb development in a historical perspective emphasizing its similarities and differences with other physical phenomena. We elucidate fundamental principles and describe practical implementations of Kerr comb oscillators, highlighting associated solved and unsolved problems.
Introduction
Optical and microwave worlds were practically separated before the advent of optical frequency combs. A few attempts were made to use well developed radio frequency (RF) and microwave (MW) atomic clocks for stabilizing and measuring frequency of optical sources. These attempts were hindered by absence of a simple technique to bridge the RF and optics frequencies. The high accuracy goal of the measurements called for complex experiments involving nonlinear frequency multiplication and mixing. The experimental technique slowly evolved from far-infrared (IR) to visible wavelength. For instance, absolute frequencies of the far-IR transitions of the CN gas laser (311 µm and 337 µm wavelengths) were measured to within a few parts in 10 7 by mixing the laser emission with high order harmonics of a MW signal in a silicon diode [1] . The frequencies of lasers stabilized to the 3.39 µm transition of CH 4 and the 9.33 µm and 10.18 µm transitions of CO 2 were measured with an IR frequency synthesis chain extending upwards from the Cs frequency standard [2] . The absolute frequency of a He-Ne laser (633 nm) stabilized with iodine optical transition was measured with a total uncertainty of 1.6 parts in 10 10 by comparing with a known frequency, synthesized by summing the emission frequency of three different metrology lasers in a He-Ne plasma [3] . More recently, the frequency of a 657 nm 40 Ca optical frequency standard was determined against the Cs frequency standard by a phase-coherent chain with a total relative uncertainty of 2.5 parts in 10 13 [4] .
Aside from this heroic efforts the demand for optical standards was fulfilled by locking environmentallyisolated lasers to optical atomic transitions. The accuracy of these standards was undetermined since the optical frequency was not scaled with the primary MW standards. Since the number of atiomic lines were limited, it was impossible to create a source at an arbitrary desirable wavelength. Passive optical cavities used for laser stabilization and frequency stability transfer had inferior accuracy and relatively poor long term stability. A straightforward multistage multiplication of RF frequency to the optical frequency domain was impractical because of the unavoidable phase noise increase, in accordance with expression (ν opt /ν RF ) 2 , where ν opt and ν RF are values of the optical and RF frequencies, respectively. These problems were solved in the optical domain by using selfstabilized pulsed lasers that replaced entire laboratories full of equipment and resulted in a qualitative leap in technology and science development. Initially, mode locked lasers were not considered as suitable metrological tools because of their limited stability and absence of a clear correlation between their carrier optical frequency and the pulse repetition rate. Validation of the concept of two-point stabilization of all componentsof the spectra of a mode locked laser, for instace, by locking the pulse repetition rate to an RF clock signal and self-stabilizing optical carrier via f −2f method, resulted in a revolution in the field [5] . Optical frequency spectrum of such a source was called a "frequency comb" for its appearance. The frequency comb became the ultimate single-step link between oscillators operating in RF and optical domains.
The optical tool of frequency metrology quickly found multiple applications beyond its initial utility becoming an indispensable asset of an optical laboratory. It is an irreplaceable part of modern optical clocks and the core of RF photonic oscillators with the record spectral purity. In fact, the RF and MW signals produced by the frequency comb rectified on a fast photodiode [6] allows achieving RF signals having spectral purity unattainable by any other mean.
The optical frequency comb is also utilized in search for remote exoplanets requiring a precise optical frequency reference [7] . Periodic Doppler shift of the stellar spectral lines carries information on mass of a potential exoplanet and on its distance from the host star. Detection of an Earth-mass planet at 1 a.u. distance from a Solar-like star requires absolute precision of velocity measurement on the order of 5 cm/s. Such measurements are carried out with solar spectrometers. Frequency comb-assisted calibration of the spectrometers increases the precision of velocity measurement from 60 cm/s to 1 cm/s which is sufficient for accurate detection of the planet.
Frequency combs are useful in optical communications. A conventional wavelength division multiplexer utilizes multiple lasers to generate multiple optical channels. Multiplexers quite often have a few hundred channels of ∼10 GHz bandwidth. A chip-scale microresonator-based comb produces an entire grid of equally spaced optical references needed to sustain the channels [8, 9] .
Coherent frequency comb-based LIDAR (LIght Detection And Ranging system) combines advantages of both time-of-flight and interferometric ranging techniques [10] . Combination of the two techniques ultimately allows for 2 × 10 −13 ranging precision measurements with cooperative targets. The technique involves two frequency comb sources with slightly different repetition rates. One source is used for ranging. Its emission is bounced from the cooperative target and compared with the second source which is used as a local oscillator. The pulse-of-flight yields a precision of 3 µm, the measurements of relative phase of the optical carrier provides a precision of 5 nm at long time scale.
The core piece of the conventional frequency comb is a pulsed (femtosecond) laser with a broad, ultimately an octave-wide, frequency spectrum with a controlled repetition rate. A nonlinear optical mixer is required for stabilization of the carrier-envelope offset (f-2f referencing) of the mode locked laser producing the frequency comb.
An atomic reference element or a stable optical cavity is needed for stabilization of the comb repetition rate. Packaged stabilized frequency comb generators, that include all the mentioned parts as well as stabilization electronic loops, are currently well developed and commercially available. They are not broadly affordable because of the cost associated with the complexity. The devices also are not mature enough to be utilized outside a laboratory because of their sensitivity to environmental perturbations such as temperature variations and mechanical vibrations. Significant advances in the development of transportable optical comb devices are made by several commercial companies including Menlo Systems.
A crucial challenge to make the optical comb devices broadly available is to improve them to the level of quartz oscillators in terms of size, price, and robustness. These parameters have to be improved by orders of magnitude to make the optical comb units comparable with the bulkiest and the most expensive RF oscillators. Miniaturized, oonchip integrated source of an octave spanning stabilized coherent frequency spectrum will become an enabling technology opening new doors in science and technology, similarly to the developments of semiconductor transistors that started a technological revolution after the era of vacuum tubes. It is hardly possible, though, to achieve the desirable improvement directly with conventional technologies. A break-through scientific advance is needed. Microresonator-based frequency comb generators demonstrated nearly a decade ago [11] hold the promise to become such a break-through.
Unlike conventional pulsed lasers, the Kerr frequency comb generator is a hyper-parametric oscillator. It is based on a cavity with nonzero cubic (Kerr) optical nonlinearity. The cavity is pumped with continuous wave (CW) light. Multiple phase locked frequency harmonics are parametrically generated in the system when the pump power exceeds a certain threshold determined by the cavity parameters including quality (Q-) factor, nonlinearity, group velocity dispersion, and mode volume. The phase of the harmonics of the comb oscillator operating in the coherent regime depends on the phase of the optical pump. In contrast, the phase of the harmonics of mode locked lasers is determined by the lasing process. As the result, stabilization of the Kerr frequency comb ultimately does not require f − 2f self-referencing.
At this point it is unclear what is the ultimate scheme of a Kerr frequency comb generator that can be created using a CW pumped nonlinear microresonator. The properties of the comb depend on the host material and the morphology and size of the resonator; on the method of resonator integration and degree of its isolation from the en-vironment; on noise of the pump laser; and on other parameters. It is currently not known what combination of these parameters is optimal. One reason is that the physical properties of Kerr frequency combs generated under realistic conditions in real resonators, including their excitation, stabilization, coherence, and dynamics, are not fully understood. However, there are plenty of first class research efforts that are advancing the field. In this review we briefly highlight them and discuss possible directions for future development of Kerr frequency comb oscillators. Because of specificity of our own work, we will pay more attention to Kerr frequency comb oscillators based on crystalline whispering gallery mode resonators (WGMRs) (Fig. 1) . Fig. 1 . A picture of a calcium fluorite broadband whispering gallery mode resonator. The resonator, having 6 mm in diameter, is properly shaped and polished to support light circulating around its circumference for forty microseconds.
As the result of the artificial separation in the consideration of the comb oscillators by the methods of their implementation (e.g. fiber loop oscillators, WGMR oscillators, on-chip oscillators), as well as by the name of the process (e.g. modulation instability lasing, hyper-parametric or parametric oscillation, Kerr comb generation), the overall picture of the development of the Kerr frequency comb oscillators is difficult to grasp. In this paper we have attempted to unify the field. To improve understanding of the microresonator frequency comb oscillators we identify their similarities and differences with other, old and novel, physical phenomena and technologies. In what follows we show that i) physically the Kerr comb oscillators are far from being unique and ii) the approaches reported so far on Kerr frequency comb generation differ from each other only in the approach for their technical implementation.
Kerr comb fundamentals and realizations
To produce a Kerr frequency comb one needs a CW laser and a nonlinear resonator with cubic optical nonlinearity. The laser light is used for optical pumping of one of the resonator modes. With the power of the light large enough, the onset of the oscillation process occurs. It reveals itself by manifestation of optical frequency harmonics in the light leaving the resonator. While properties of the generated harmonics depend on the pumping light, e.g. the phase of the harmonics depends on the pump phase in the case of coherent (not chaotic) oscillation, there are independent variables in the system. For instance, relative phases of the harmonics experience a fundamental diffusion process [12, 13] . In what follows we briefly discuss the salient properties of the nonlinear process starting from the resonant four wave mixing in which polarization of the nonlinear medium is created by external field and concluding by true oscillation in which the polarization is created spontaneously from fluctuations of electromagnetic vacuum. Nondegenerate four wave mixing results in formation of a fourth photon "d" out of three photons "a", "b" and "c". The process is governed by χ (3) nonlinearity and obeys to energy and momentum conservation laws. The FWM process is observed in a 6.9 mm calcium fluorite resonator pumped with three independent lasers parked at different modes. The resonator has 10 9 loaded quality factor.
Kerr frequency comb generation is based on four wave mixing (FWM). The concept of FWM processes interaction of three electromagnetic fields in a nonlinear medium to generate a fourth field (Fig. 2) . Any two fields interacting with the medium produce polarization not only at the initial frequency of the fields, but also at the sum and difference frequencies. The third field beats with the polarization frequency harmonics and scatters off the medium giving rise to the fourth field. These phenomena lead to the classical picture of the FWM. Because any of the polarization harmonics becomes a source of a new field, the FWM process can result in production of more than one field if three fields interact in the material. Phase matching of this nonlinear process defines the direction of the emission of the generated fields.
Four-wave mixing in extended three dimensional media is well known and is commonly modeled using plane waves. High-intensity pulsed lasers are usually required to observe the process. The efficiency of the FWM can increase in one-dimensional media, as in the case of propagation through an optical fiber. Total internal reflection confining the light in the fiber results in maintaining high optical intensity along the fiber. The combination of the long interaction length and high intensity light not only leads to increase of the efficiency of the optical processes initially studied in the bulk, but also produces numerous novel FWM-related phenomena occurring due to modification of the phase matching conditions.
Decreasing the dimensionality of the nonlinear medium to zero, as in monolithic optical microresonators, results in further increase of the FWM efficiency, allowing its observation at extremely low light levels, approaching countable numbers of photons per resonator mode. Zero dimensionality here means that the system has a discrete spectrum, as in an atom. The resonator can be considered as a lumped element with no spatial continuation. Thelarge field concentration leads to realization of 10 12 cm 2 and higher continuous wave optical intensities within the nonlinear material with low power diode lasers, resulting in observation of extreme optical phenomena on a chip. The tight confinement of the field also allows true control of the nonlinear phenomena: it is possible to severely suppress one nonlinear process and enhance another one by selecting the right morphology of the nonlinear microresonator. The last feature is important for studying four-wave mixing, because this process can have lower threshold in a properly shaped microresonator compared with stimulated Brilloin scattering and stimulated Raman scattering (SRS) which usually compete with FWM in fibers (Fig. 3 ). An illustration of the competition between hyper-parametric oscillation and frequency comb generation and stimulated Raman scattering (SRS). The eflciency of the processes depends on the cavity spectrum, its local dispersion and bandwidth. Phase mismatch increases the comb threshold significantly in the case presented in the top image. The threshold value of SRS remains unchanged since it does not require phase matching. As a result SRS dominates. The harmonics around the pump frequency occur due to the four wave mixing between the pump light and the Raman frequency comb. The second image (below) shows the opposite situation. To observe this behavior we used a chip-scale 30 mW distributed feedback diode laser to pump a calcium fluorite whispering gallery mode resonator characterized with 10 GHz free spectral range and 10 10 Q-factor.
Early Studies
Four wave mixing (including both self [14] and cross [15] phase modulation), two-photon absorption [16] , stimulated Raman scattering [17] , third-harmonic generation [18] , and anti-Stokes frequency mixing [19] were among the first nonlinear effects extensively studied after the inception of laser. All these processes constitute the foundation for the Kerr frequency comb generation and associated phenomena, and are observed in optical microresonators. The third order nonlinear susceptibility χ (3) is responsible for the four-wave mixing processes [20] . In general, χ (3) is a fourth rank tensor with 81 elements [21] , and each of these elements consists of a sum of 48 terms. The number of independent terms is reduced through material symmetries. Cubic nonlinearity, χ (3) , though, may have nonzero elements for any symmetry, unlike the quadratic one, χ (2) . Explicit expressions for the terms have been published [22] . So far in the Kerr comb studies only one χ (3) element is considered either because the resonators are made of amorphous materials or because the wave mixing occurs among the waves of the same polarization collinear with the crystalline axis in crystalline structures. The problem of FWM in crystalline resonant structures where several elements of the nonlinearity tensor are important is still unsolved.
Coupling between the four waves may only occur when energy and momentum are both conserved [23] . The four wave mixing leading to Kerr frequency comb generation also calls for photon number conservation. The energy conservation along with the photon number conservation determines the frequencies of the generated harmonics. The momentum conservation defines the geometry of the process and its dependence on the dielectric susceptibility of the material.
Since the energy transfer is a coherent phase dependent-process, the energy exchange among the electromagnetic waves depends on their relative phase. If the phase changes within the nonlinear medium, it could happen that the initially generated frequency harmonics disappear completely due to change of the direction of their power exchange with the pump waves. Therefore, the geometry of the nonlinear interaction has to be optimized. This may be achieved by either having a very short overlap length, or by choosing a small wave vector mismatch and proper interaction length. Phase matching becomes not trivial in the case of low-dimensional structures and also in the case of very broad optical spectra involved in the interaction. In the first case the optical modes of the structure have to have nonzero geometrical overlap and also frequencies, defined by energy and photon number conservation. The nonzero geometrical overlap means that the volume overlap integral of the spatial amplitudes of the four fields participating in the nonlinear process has to be nonzero to observe generation of the frequency harmonics. In the second case the different optical harmonics experience different nonlinearity and the interaction efficiency depends on their frequency [22] . The FWM process and the phase matching requirements are well described in textbooks on Nonlinear Optics, e.g. [24, 25] .
Nonlinear Optics with Whispering Gallery Mode Resonators
High-Q whispering gallery modes (morphologydependent resonances) [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] were extensively studied in liquid droplets [36, 37] , as well as in solidified droplets of fused amorphous materials, such as fused silica [38] [39] [40] [41] [42] . Although these materials feature small optical attenuation, the highest quality factor of WGMs [40] has remained limited by Rayleigh scattering of residual volumetric inhomogeneities and surface roughness [43] and contamination, e.g., with water molecules. This is generally the case, even though a resonator formed by surface tension forces has nearly a defect-free surface characterized by molecular-scale inhomogeneities. Crystalline WGM resonators are much less prone to Rayleigh scattering as well as water absorption and, hence, have much higher Q-factor [44] [45] [46] . Ultra-high Q WGM microresonators are commonly used for enhancement of efficiency of nonlinear optical processes such as three- [46, 47] and four-wave mixing [11, [48] [49] [50] [51] . Strong spatial confinement of light as well as a long interaction time of light and the host medium of the resonator results in significant decrease of the thresholds of lasing [52, 53] , stimulated Raman scattering [54] [55] [56] [57] , stimulated Brillouin scattering [58, 59] , resonant optomechanical scattering [60, 61] , and other nonlinear processes. We focus here on phenomena related to resonant hyper-parametric processes resulting in Kerr frequency comb generation, leaving the other phenomena to be discussed elsewhere.
Oscillations and wave mixing in fiber resonators
Before discussing generation of Kerr frequency combs in microresonators it is important to review similar studies performed in optical fiber systems. Those studies took place earlier than microresonator ones, but physics of the observed phenomena is rather similar to the physics of Kerr frequency combs and other microresonator-based phenomena.
Resonant oscillation
The oscillations occurring in coherently driven passive optical fiber resonators were studied from the perspective of temporal cavity solitons [62, 63] , belonging to a general class of dissipative solitons [64] , modulation instability lasers [65] [66] [67] [68] [69] as well as parametric oscillators [70] [71] [72] [73] [74] .
The microresonator Kerr frequency comb and the hyper-parametric oscillation in the fiber loops have nearly identical properties. They are described by the same equations [62, [75] [76] [77] . They are sustained due to continuous wave pumping and are phase locked to the pump (this is true for the case of coherent, not chaotic, oscillations) [12, 78] . As a result, they are different from mode locked lasers [79] and do not require two point locking for their stabilization [80] [81] [82] . Fiber loop can support a large number of non-interacting pulses that can be individually addressed [83] [84] [85] while microresonators also support multiple non-interacting pulses [86] . It is possible to control mode locking by modulation of the pump in both fiber cavities [87] and microcavities [88] .
The differences between these processes are a few. One of them is the possibility of interaction of cavity solitons in a fiber cavity mediated by phonons [89] . Optical pulses traveling in a fiber cavity excite, through electrostriction, transverse acoustic waves. The acoustic wave excited by one optical pulse can influence another optical pulse via time dependent change of the refractive index (the pulses are pulled into time dependent higher index regions associated with the acoustic wave) [90] . This type of interaction seems to be suppressed in the microresonators because of significant frequency difference between the mechanical modes of the resonator and round trip time of light in the cavity.
The difference associated with the size and finesse of the fiber loops and microresonators has multiple practical consequences. For instance, large values for the normalized GVD term, defined as a ratio of the difference between values of two adjacent free spectral ranges and a half width at the half maximum of the corresponding optical modes (parameter D introduced in [12] ) can be demonstrated in high-Q microresonators. This value impacts the phase matching of the hyper-parametric process and is responsible for the number of stable multi-soliton solutions (supermodes) existing in the system [86] .
Another difference is related to the ratio of the circulation time to the pulse duration time for mode locked processes observed in the fiber loops and microcavities. This ratio is usually large in fiber loops but can be small (nearly one) in microresonators. This is true for modulation instability (Turing rolls [91] ) in anomalous GVD case and for generation of high order dark solitons in normal GVD case [92] observed in microresonators (these regimes are discussed in what follows).
Resonant wave mixing
Forced FWM processes in optical fibers and microresonators also have a lot of in common. For example, phase matching of the FWM process in fibers can be achieved via different mode families of the fibers [93] [94] [95] and, similarly, in microresonators [96] . Generation of frequency harmonics by seeding modulated light to a fiber link [97] , a sub-micron silicon-on-insulator rib waveguide [98] , and a coupled-resonator optical waveguides [99] have also been observed. Similar effect have been studied in microresonators [100, 101] .
The basic differences between fiber and microresonator structures important for the wave mixing processes include size, shape (morphology), and finesse. The larger size is responsible for the smaller nonlinearity as well as denser frequency spectrum of the basic (fundamental) mode family of the fiber resonators, compared with microresonators. Microresonators usually support multiple spatial mode families while fiber resonators only a single one due to differences in their geometry. The morphology of the WGM resonator allows engineering the spectrum of the modes and, hence, the resonator dispersion; this is not possible with fiber resonators. On the other hand, the dispersion of a fiber can be modified by engineering its core and cladding refractive index profile.
The finesse of a microresonator can exceed a million while finesse of a fiber resonator usually is less than a hundred. The reason is that the microresonator is a seamless structure while the fiber resonator needs splicing fibers in an out of a ring. Additionally, commercially available fiber splitters used for in-and out-coupling with fiber rings are not better than 99/1. The finesse in microresonators is high in a very broad range of optical wavelengths determined by the resonator host material.
Unlike fiber-based devices, microresonator devices do not suffer from Brillouin scattering (it is possible to observe Brillouin scattering in specially made resonators [58, 59] ) and are much less prone to Rayleigh scattering (the scattering can be suppressed by overloading the resonator mode [43] ). Microresonators have no moving parts and coatings, and are environmentally stable. They are polarization selective. Those features make microresonators attractive for a myriad of applications including optical frequency comb generation.
It is possible to go further and find many commonalities between microresonator processes and various nonlinear processes unrelated to optics, such as dipolar excitations in one-dimensional condensates [102] , spatial dissipative solitons [103, 104] , a long Josephson junction in periodic field [105] , easy-axis ferromagnets in rotating magnetic field perpendicular to the easy axis [106, 107] , and plasmas driven with radio frequency radiation [108] . All these processes can be described using similar mathematical techniques and, hence, have somewhat similar dynamics. Such an interconnection among various fields adds value to the Kerr frequency comb studies as they can improve the understanding of dynamics of completely different physical systems.
Theoretical Models
In this section we introduce two basic theoretical models utilized in studies of Kerr frequency comb generation. One of them is based on analysis of a set of ordinary differential equation (ODE) and the other -on forced nonlinear Schrödinger equation (NLSE). These models are equivalent and are selected depending on practical problems that need to be analyzed. ODE are more convenient for analysis of nonlinear processes in cavities with irregular mode spectra, while NLSE is preferable for analysis of temporal pulses generated in the cavities with smooth mode spectra. The major practical difference between ODE and NLSE is that periodic boundary conditions, needed to describe the ring resonator systems, are implicit in ODE but not for NLSE.
Unitary Evolution of a Nonlinear Mode
Let us consider an isolated (non-interacting with any other) mode of a nonlinear resonator having eigenfrequency ω 0 and characterized with annihilation (creation) operatorâ (â † ). The unitary time evolution of the mode is described with HamiltonianĤ =Ĥ 0 +V, wherê
g is the coupling constant [109] . It is not necessary to use quantum operators to describe four wave mixing in the resonator modes. We use them here because it simplifies the derivation of the equations of motion and allows straightforward verification of the correctness of the intermediate results.
The Hamilton equation for the mode evolutioṅ
has a solution
showing that the photon number in the mode is conserved (naturally)N(t) =N(0) =â † (0)â(0) and the frequency of the mode decreases with the photon number increase. The explicit expression for coupling constant g can be derived using definition of the nonlinear refractive index [25] 
where I denotes the time-averaged spatially-normalized intensity of the optical field within the resonator, and n 0 and n 2 are the linear and nonlinear refractive indices of the resonator host material. According to (4) the power-dependent frequency shift of the optically pumped mode depends on the number of photons in the mode (⟨N(0)⟩, ⟨. . . ⟩ stays for state averaging) as ∆ω 0 = −g⟨N(0)⟩. On the other hand, in accordance with (5), ∆ω 0 = −ω 0 n 2 I/n 0 , and, by definition,
here is the maximal intensity of the electromagnetic wave within the mode), so we get [12] 
whereṼ is the mode volume. The intensity of light has a certain spatial distribution within the resonator mode, not taken into account while deriving Eq. (6). We present complex amplitude of the electric field of the running wave as a product of spatial and temporal parts, E(r)E 0 (t), where the dimensionless spatial distribution E(r) is normalized to unity max|E(r)| = 1, and define the mode volume as
Because
the amplitude of the electric field inside the resonator is
where A is the slow amplitude of the field normalized such that
To correct Eq. (6) and take the spatial distribution of the electromagnetic field in the resonator into account we note that the nonlinear part of the energy of the light in the nonlinear medium is defined as
where we assumed that the medium is isotropic and homogeneous, so that the nonlinearity is polarizationindependent and (see [25] )
Substituting (9) into (10), defining characteristic mode volume for the interaction as (it worth noting that the definition of the mode volume in form (12) is general for any nonlinear processes based on cubic nonlinearity [38, 43] )
and noting that the interaction energy is equivalent to the interaction Hamiltonian, −U →V, if the classical field amplitudes are substituted with the normal ordered quantum operators (A →â, A
, we find that the corrected expression for the coupling coefficient becomes
The correction term V/Ṽ can be as small as 1/2 for WGMs [43] . We also have to modify Eq. (5) as
to keep the consistency of the results.
Input-Output Formalism
It is necessary to introduce a coupling between the external world and the resonator modes to create a complete picture of the resonant four-wave mixing. We assume that the coupling is engineered in such a way that all the pump light can be attenuated in the resonator mode, independently on the linear refractive index of the resonator host material (for a discussion and review see [34, 110] ). Practically speaking, the best coupling efficiency (99.97%) so far was achieved with tapered fibers [111] . The best coupling with prism evanescent field couplers was observed to be 99% [110] . The input-output surfaces of the prism had anti-reflection coating. The limitations had purely technical nature and can be overcome. We consider two input-output configurations shown in (Fig. 4) assuming the complete spatial matching of the mode and the coupling elements. The input-output relation [112, 113] for configuration in (Fig. 4a ) is
and input/output relation for configuration (Fig. 4b) is 
Here τ 0 = Ln/c is the round trip time, T, T 1 , and T 2 are the power transmission coefficients of corresponding couplers (usually wavelength-dependent), E i are the classical amplitudes of the electric fields. The field E in (t) belongs to a single spatial propagating mode, e.g. a Gaussian beam. The condition of the spatial mode matching is required to ensure energy conservation. For example, from Eqs. (15) and (16) we derive
Since Eqs. (15, 16) and (17) (18) (19) (20) are linear, we can expand the classical formalism to the quantum one. Alternatively, the equations can be derived using quantum approach taking into account interaction of the bound resonator mode with modes of electromagnetic vacuum [109] , but the result is essentially the same.
Simplifications and Approximations
To derive a complete set of equations describing the resonant self phase modulation process we have to link the input-output equations with the Hamilton equations. It can be done if we assume that (i) the cavity has high finesse (T ≪ 1); (ii) the intracavity field of the externally pumped mode can be presented as a product of slow and fast parts E 0 =Ẽ 0 exp(−iωt), where ω is the carrier frequency of the external nearly resonant pump; and (iii) the slow amplitudeẼ 0 does not change significantly during the round trip time τ 0 . In this caseẼ 0 (15) and (16) can be rewritten aṡ
To rewrite the set of equations in a more conventional form we substitute T/(2τ 0 ) = γ 0c , where γ 0c is the half width at the half maximum (HWHM) of the mode, determined by the coupling efficiency. Field amplitude E in belongs to the field propagating in the vacuum and mode matched with the corresponding resonator mode. Expectation value for the field is
where P in is the power of the external pump, ϕ in is the phase of the external pump, and A is the effective crosssection area of the pumped mode. With this substitutions we obtainȦ
where
Eq. (25) results from Eq. (22), and the field amplitude A is normalized to the photon number within the mode, |A| 2 = ⟨N⟩. Eq. (24) is the standard equation describing forced oscillations of a linear oscillator. This equation is written in the rotating wave approximation. We have to merge (3) and (24) to describe the nonlinear behavior of the externally pumped mode. It is also worth to take unavoidable intrinsic linear loss of the resonator into account. Using (17) (18) (19) (20) and modeling the distributed internal loss as the second port of the device by substitutions T 1 /(2τ 0 ) = γ 0c and T 2 /(2τ 0 ) = γ 0 , we obtain for the intracavity fielḋ
Eq. (27) takes into account nonlinear frequency shift (self-phase modulation) occurring within a single mode of the resonator. The derivation of this equation can be done in a simple and straightforward way if the internal losses per round trip, linear and nonlinear phase shift are accounted in the relation coupling E 0 (t) and E 0 (t − τ) (Eqs. (15) and (16)) [114] .
Kerr Comb Generation as a Multi-mode Hyper-Parametric Process
Generation of a Kerr frequency comb is a multi-mode nonlinear process. It does not need an optical amplifying medium to sustain itself, unlike conventional lasing. The comb can be produced in a lossy or lossless open system if the CW pump is strong enough. The averaged energy of the pump light should be conserved for the case of the lossless nonlinear system. In other words, the optical power that enters the resonator should exit it unchanged. This energy conservation law does not restrict the possibility of power redistribution among the harmonics. As with any nonlinear process, Kerr comb generation requires phase matching of the generated frequency harmonics. Phase matching can be treated as the momentum conservation law with respect to the wave vector of the pump and generated harmonics, and can be described as an overlap integral among the modes for the case of resonant interaction [115] .
The analysis of the generalized multimode hyperparametric process is rather complex. We can take advantage of the single mode formalism described in the previous sections and present the multimode interaction Hamiltonian asV
where g is the coupling parameter obtained under assumption of complete space overlap of the resonator modes (13), ω 0 is the value of the optical frequency of the center of the optical spectrum involved in the interaction process, c is the speed of light in vacuum, n 2 is the cubic nonlinearity of the material at the carrier frequency ω 0 , and n 0 is the linear index of refraction of the resonator host material at frequency ω 0 . The operatorê is given by the sum of annihilation operators of the electromagnetic field for all the interacting resonator modes that we took into consideration:
Equations describing the evolution of the field in the resonator modes are generated using Hamiltonian (29) and the input-output formalism. For the case of a single externally pumped mode we havė
where δ j0,j is the Kronecker's delta; j 0 is the number of the externally pumped mode, γ 0 = γ 0c + γ 0i is the half width at the half maximum for the optical modes, assumed to be the same for the all modes involved; and γ 0c and γ 0i stand for coupling and intrinsic loss. The expression for the external optical pumping is given by Eq. (26) . We neglect the quantum effects and do not take into account corresponding Langevin noise terms. Introduction of these terms is straightforward, though.
The set (31) should be supplied with an equation describing the light leaving the resonator (similar to Eq. 28). Assuming the pump power does not depend on time, the relative amplitude of the output field is given bŷ
where it is assumed that the field is periodicê(t−τ 0 ) ≈ê(t). This approach, based on a set of ordinary differential equations (ODE), was introduced in [12] for three modes comprising the pump and two sidebands and generalized in [115] . Numerical simulations of the multimode Kerr frequency comb using the set (31) were initially performed by Y. Chembo et al. [115] [116] [117] and then followed by other groups [86, [118] [119] [120] [121] [122] [123] . The ODE set is suitable for description of generation of a comparably narrowband frequency comb for which parameter g is a constant independent on the interacting modes.
Lugiato-Lefever (Forced Damped Nonlinear Schrödinger) Equation
A high finesse optical ring cavity has a long ringdown time.
It means that the field within the cavity changes much slower with respect to its round trip time, and the dynamics of the intracavity field can be considered as lossless on the time intervals much longer than the round trip time and much shorter than the ringdown time. Within this approximation the externally pumped nonlinear optical cavity can be considered as a straight lossless nonlinear optical waveguide. The field evolution in such a waveguide can be studied using the standard 1D Nonlinear Schrödinger Equation used in fiber optics. Since a solution of a lossless nonlinear Schrödinger equation with anomalous group velocity dispersion, showing coexistence of short optical pulse and continuous wave background [124, 125] , has been derived, it is possible to expect that the lossless optical cavity can support stable optical pulses that have duration much shorter than the round trip time. The strength of this consideration is that it shows, within the boundaries of the model, the phenomena observed in optical fibers can be directly mapped to the phenomena that can take place in nonlinear cavities. Interestingly, even if such a fast phenomenon happens within the microcavity, its observation using the light leaking from the resonator will be obstructed due to the long ringdown time. A different type of probing must be developed to trace the fast phenomena, like rogue wave generation [126] . The approach discussed above is deficient since it does not show a route to the intracavity pulse formation and also cannot predict stability of the pulses at times longer than the ring down time. This problem is solved if the resonant multimode hyper-parametric process occurring in a nonlinear resonator pumped with monochromatic light is described using the Lugiato-Lefever equation [103] [62, [127] [128] [129] [130] . It gives one grounds to expect that short optical pulses can be formed directly in the nonlinear microresonator [75-77, 86, 131] . Optical pulses can emerge by themselves from the nonlinear microresonator pumped with CW light, without any pulse seeding. The pulses are located on top of the CW background. The power loss is compensated by the external CW pump and mediated by the nonlinear interaction of the pulses with the background [129] .
The LL equation for the optical field inside the nonlinear ring resonator characterized with constant GVD reads [76, 77] ∂A ∂τ
where A(τ, t) is the slowly varying envelope of the electric field, τ is the slow time, t is the retarded time,
is the free spectral range of the resonator (expressed here with angular frequency units). By definition, time scale τ is much longer than the round trip time τ 0 . Eq. (32) can be used to find the amplitude of light exiting the resonator.
The ODE mode decomposition approach (31) is equivalent to the properly formatted LL equation (33) . The similarity of the approaches was shown in [75] . A proper optimization of numerical algorithm makes the numerical evaluation time equivalent for the LL and ODE approaches [123] . The possibility of the direct pulse generation in the resonator was demonstrated by the numerical solution of the ODE set [119] . Analytical solutions of the LL equation describing the pulses associated with a soliton Kerr comb were provided in [13, 86, 131] and technical as well as fundamental quantum noise associated with the repetition rate of the pulses was analyzed in [13, 132, 133] .
Each of the theoretical approaches has its own advantages. Hamilton ODEs (31) allow solving the problem of nonlinear interaction of light confined in modes of a nonlinear microresonator with an irregular spectrum. This class of problems pertains to the case when one or several modes are shifted from their unperturbed position because of interaction with other modes of the cavity. A model of such an interaction can be easily incorporated into the ODE set. The ODE approach allows solving problem of nonlinear interaction of selected arbitrary (limited) number of resonator modes.
The LL approach allows studying mode locked regimes of Kerr frequency combs. It enables numerical tracing of the pulse evolution in the resonator, and makes possible simplified methods of analytical calculations of the properties of the pulse. The approach is especially convenient for studying generation of extremely short pulses [134] . A generalized LL equation that takes into account higher order dispersion was introduced in [75, 135] . Raman scattering as well as self-steepening terms were added to this equation in [136] [137] [138] .
The derivation of the LL as well as the set of Hamilton ODEs is limited by the mean-field approximation. It is assumed that the overall nonlinear frequency shift of the cavity modes is much smaller than the cavity free spectral range. The more general case of Kerr frequency comb generation involving large optical pumping is analyzed in [139] and existence of extremely broad frequency combs (super cavity solitons) is predicted.
Resonant Four Wave Mixing and Multi-Chromatic Pumping
Resonant Four Wave mixing (FWM) is arguably the simplest process occurring in nonlinear resonators. FWM was observed and characterized in a WGM structure more than two decades ago. CS 2 microdroplets with Q ∼ 10 8 (inferred from the properties of the bulk liquid, the surface imperfections are not taken into account [140] ) were used for this purpose [55] . Droplets were excited as they fell through a 514.5 nm CW argon-ion laser beam. The FWM process signal was observed between the pump and the Stokes Raman line excited in the droplet. A high-Q GaAs micro-ring resonator revealed 14% FWM conversion efficiency at 10-mW peak pump power level [141] . This efficiency is 26 dB better compared with an equivalent straight waveguide. The FWM was realized using 1550 nm pump and 1564 nm signal. Both the pump and the signal were resonant with corresponding modes of the ring. Continuous wave FWM based on bichromatic pump was demonstrated in crystalline WGM resonators [100] . Multiple frequency harmonics were observed in this experiment. Microresonator FWM with triple-frequency resonant pump was recently demonstrated and studied [142] . It was shown that increasing the complexity of the pumping mechanism also adds flexibility in controlling the nonlinear process. It is worth noting that four-wave mixing process can combine three pump photons into one resulting in third harmonic generation [50] (not described by the Hamiltonian formalism presented above). As in FWM with bichromatic pump, this process does not have a threshold.
The thresholdless frequency combs created with modulation of the pump light are somewhat similar to the frequency combs produced in resonant electro-optical modulators simultaneously fed with the pump light and an RF signal [143] [144] [145] [146] [147] . The repetition rate of these combs is determined by the modulation frequency. Unlike the pulse duration in a mode-locked laser, the pulse duration generated in this system is not limited by the bandwidth of the laser gain, because the system is passive. The pulse duration, however, is impacted by GVD of the cavity. The frequency noise associated with the repetition rate can be even higher than the frequency noise of the RF source since the amplitude noise of the pump laser can be downconverted to the RF frequency domain.
The resonant FWM can be used for quantum frequency conversion [148, 149] . In this process a quantum state of light is transferred without destruction from one wavelength to another. High-Q nonlinear microresonator are attractive for this process because of their potentially low attenuation.
The FWM processes based on a bichromatic pump, as described above, (note that modulated pump usually has more than two harmonics) were studied for the case of thresholdless operation. Another class of oscillation is possible in this system. It starts oscillating when the pump power is increased beyond a certain value. The major signature of this process is that the generated harmonic frequencies are not always locked to the frequency of the pumps. The oscillation has many regimes and is able to support generation of intracavity pulses [150] .
The impact of pump modulation on comb formation was studied in several other works [88, 101, [151] [152] [153] [154] . These include flat-topped dissipative solitonic pulse generation [152] and parametric seedling for stabilization of a conventional Kerr frequency comb [88, 101] . The parametric seedling or injection locking of the frequency combs can be used for improvement of their stability as well as for achieving low frequency phase noise. A relevant development took place in studies of fiber loop cavity solitons where it was shown that modulated pump can be used to control the position of light pulses [84] . To reduce the fluctuations of the repetition rate of the frequency comb it was suggested to take advantage of the injection locking properties of the Kerr frequency comb oscillator and create an opto-electronic oscillator that involves an active Kerr comb oscillator as a part of the optical loop of the opto-electronic circuit [155] .
Hyper-parametric oscillation
Hyper-parametric oscillation is one of the first nonlinear processes observed in microresonators characterized with cubic nonlinearity (Fig. 5) . Historically, the processes that involve only a few pronounced generated frequency harmonics versus many harmonics have been dabbed the oscillation versus frequency comb generation. This is not right, in our opinion, since there is no pronounced physical boundary between the oscillation and the frequency comb generation.
Similarly to the frequency combs, the oscillation has both hard and soft excitation regimes. It can be coherent and chaotic. It can be excited in resonators with normal and anomalous GVD. Frequently, the regimes of the hyperparametric oscillation and the frequency comb generation are observed in the same resonators when the pump power or loading is adiabatically modified. There is not interruptions between the processes.
The oscillation has a lot in common with modulation instability lasers [67] [68] [69] , type-I and type-II Kerr frequency combs [156] , mode-crossing based frequency comb [120] , and Turing rolls (patterns) [91, 157] . The frequency combs acssociated with these processes have a relatively small number of frequency harmonics and a triangular (in log scale) power spectrum. However, many frequency comb generators that have a larger number of harmonics as well as a diffrent envelope shape behave similarly to the oscillators. We will talk about hyper-parametric oscillations in this section. The "hyper-parametric" term [158] was selected to distinguish the four-photon process from the three photon parametric oscillation. Still, the term "parametric" is frequently used to describe oscillation in optical fiber as well as photonic waveguide systems [159] .
For the sake of clarity we define the hyper-parametric oscillation as a nonlinear process comprising generation of equally separated frequency harmonics out of CW coherent optical pumping in a media possessing cubic nonlinearity. Soliton mode locked Kerr frequency comb generation is a particular example of the hyper-parametric oscillation corresponding to generation of stable temporal optical solitons within the medium. Generalized hyperparametric oscillation can have fixed instantaneous or long term phase difference among the harmonics but those harmonics not necessarily constitute an optical pulse in the time domain. We distinguish the variety of types of hyper-parametric oscillation, described in this section, from the soliton mode locked Kerr frequency comb generation described in the next section, since generation of short optical pulses out of a CW pump resonator that does not have any conventional mode locker is a remarkable phenomenon.
In what follows we will mention hard and soft excitation regimes. The soft oscillation onset is reached when pump photons are not present in the resonator modes initially. The growth of the oscillation sidebands occurs adiabatically in this case. The hard onset occurs with a discontinuous jump of the intensity of oscillation sidebands to a certain finite level. The hard excitation occurs only when pump photons are initially present in the resonator mode(s). The steady state solution corresponding to the hard excitation cannot be reached adiabatically. In other words, slow modifications of any parameter of the resonator or the pump cannot bring the system to a stable solution requiring hard exitation. Here slow stands for time scale longer than typical time of the comb growth, which is longer compared to lifetime of the light confined in the resonator. The hard excitation can also be achieved by nonadiabatic change of the oscillator parameters. For instance, change of the pump frequency faster than the resonator ring down time.
Anomalous GVD

Sequential growth of the frequency comb
A common feature of a class of hyper parametric oscillation-based processes, occurring in resonators characterized with anomalous GVD, is the dependence of dynamics of each higher order harmonic on the lower order ones. It means that if one evaluates the temporal dynamics of growth of the hyper-parametric oscillation-based frequency comb, one will observe that the higher order harmonics emerge from the noise later than the lower order ones; and that the growth time constant is larger for the higher order harmonics, so they reach the steady state approximately at the same time as the lower order ones (Fig. 6 ). This particular type of hyper-parametric oscillation is characterized with soft excitation regime [119] as well as high dynamic stability [91] and is analogous to the optical fiber-based processes. It was known for some time that propagation of CW light in a nonlinear anomalous GVD medium becomes unstable at certain power [162] [163] [164] . The (modulation) instability transforms the CW light into a tightly packed train of optical pulses. The instability occurs for both positive and negative GVD if the CW light is confined in a fiber ring [67] [68] [69] . It was noted in [70] that the modulational instability laser is really a fiber optical parametric oscillator, in which pump, signal, and idler waves are resonated inside a fiber ring cavity. One needs several Watts of power to excite modulation instability in a straight fiber. A fiber resonator with high enough finesse becomes unstable at hundred milliwatts [69] . The generated spectrum is relatively narrow (it does not exceed a THz), which adds to the similarity between observed hyper-parametric oscillation in microcavities and the fiber systems. Initial observations of both narrow [48, 49] and broad frequency combs [11, 165] can be considered as a hyperparametric oscillation process if we adopt the criterion of smooth growth of the high order harmonics from the lower order ones to be a feature of the oscillator. Such processeswere discovered initially resulting in "fractal" growth theory of uniform comb formation in resonator characterized with relatively small anomalous GVD [166] . It was assumed that in the first stage a primary frequency comb forms (hyper-parametric oscillation starts). At the second stage each primary harmonic form its own secondary, secondary, comb. These secondary combs were considered independent with slightly different repetition rate. Finally, at the third stage, all the secondary harmonics phase lock due to the cross-modulation effect. The locking occurs if the primary spacing is nearly an integer multiple of the secondary spacing. If this is not the case, a chaotic [167] or partially chaotic [168] regimes can occur instead of phase locking. It is possible to use pump power and the pump laser frequency as levers to adjust the repetition rates of the frequency combs and achieve phase locking.
To form a mode locked comb (mode locking was inferred from the envelope shape while phase locking was confirmed by generation of a spectrally pure RF signal by the comb on a photodiode) one could either increase the pump power or increase the resonator Q-factor [169] . The reported process of the comb transformation does not have a threshold and is similar in both cases. In the case of the increasing Q-factor two parameters change: intracavity power as well as effective GVD of the resonator. Figure 7 illustrates development of such a broad frequency comb [169, 170] . In this experiment the detuning of the frequency of the pumping light from the corresponding optical resonance was kept as small as possible, though this parameter was not directly controlled. It was not measured if the laser was parked at the blue or red slope of the resonance. No comb was observed when the coupling prism touched the MgF 2 WGM resonator surface and the loaded Q-factor became too small to support the comb generation. The loading was then decreased until hyper-parametric oscillation started and several spectral lines of the primary comb separated by almost a THz appeared. A further decrease of the resonator loading resulted in the reduction of the repetition rate of the frequency harmonics (GVD increases) and creation of higher density secondary combs (as the power increases). After stabilization of the resonator loading, adjustment of the semiconductor laser current produced stable Kerr frequency combs with desirable repetition rates and spectral shapes. The model describing Kerr comb formation via primary and secondary comb excitation may be mimicked by the process related to linear interaction of different mode families of the same resonator [120, [171] [172] [173] . Even a single mode resonator contains two orthogonally polarized mode families that can interact due to imperfectness of the resonator shape as well as material inhomogeneity [174] . Multimode monolithic cavities usually have many mode families interaction of which results in a significant deterioration of the resonator spectrum to the level of unpredictability, as was observed experimentally [175] .
The process, similar to the excitation of the primary frequency comb, is observed in the case of sufficiently strong interaction between two mode families having relatively large difference between their FSRs [176] . Such an interaction results in a nearly periodic frequency dependent pattern of GVD occurring due to the Vernier effect. As a result, certain modes have the lowest excitation threshold. They support generation of the lowest threshold ("primary") frequency comb when the pump power exceeds this threshold. Further increase of the power results in generation of the secondary frequency combs having slightly different repetition rates. These secondary combs can be phase locked via mutual injection as was confirmed by experiments [177] .
In our opinion, the process of formation of the hyperparametric oscillation-based frequency combs is more likely to occur due to mode crossings then due to the dynamics of light confined in an ideal resonator characterized with cubic nonlinearity and small anomalous GVD. While in our numerical simulation we observed formation of the primary comb in the case of the ideal (with no mode interactions) resonator, we did not observe formation of the independent coherent secondary comb clusters that synchronize due to mutual injection locking. Instead, the primary comb tends to fill-up with secondary sideband and become incoherent if the power of the pump increases or the frequency detuning value decreases. Additionally, the theoretical model does not explain forming complex comb envelope patters observed in experiments [176] [177] [178] .
The first observed Kerr frequency comb, obtained in an on-chip microtoroidal fused silica cavity [11] , was most likely impacted by the mode GVD modification due to the mode crossings in the resonator. The frequency comb was definitely phase locked, because of the measured value of the stability of the comb lines; however its envelope did not resemble the envelope of the soliton comb. The same consideration applies to the observations of phase locking of the comb harmonics [156, 166, 179] . The envelope shape of this type of frequency comb is significantly different from the shape of the envelope of a mode locked (soliton) frequency comb. Introduction of mode crossings seems to be important to explain these processes and a further theoretical study is needed to understand this process completely.
A hyper-parametric oscillation can involve several mode families at the same time. One of examples of this process is generation of a multi-octave frequency spectrum in a crystalline microresonator [96] . The intrinsic GVD of the resonator is too high to allow such an oscillation within the same mode family and the nonlinear process takes place via overlapping modes belonging to different families. Such an interaction leads to generation of bizarre and seemingly irregular spectra (Fig. 8) . It is possible to show that each component of the spectra can be explained by nonlinear mixing among frequency harmonics of several primary hyper-parametric oscillations as well as stimulated Raman scattering component. Interestingly, such processes are usually observable in normal GVD resonators, as they have lower threshold if compared with threshold of generation of normal GVD frequency combs.
A visualisation of the spectral lines of the broad frequency comb performed with a diffraction grating is shown at the pictures at the top and at the bottom panels of (Fig. 8) . Strong 780 nm laser pump is visible near the left edge of each picture as a small brownish oval. Its intensity appears weak due to low camera sensitivity at infrared part of spectra. Bright spots of different color from deep red to emerald belong to comb components at visible part of the blue wing of the Kerr comb. Note that some comb components are produced at transverse modes since the modes far field has two maxima along vertical direction. Comb components of wavelengths longer than deep red are invisible since the sensitivity of the camera used in these measurements drops very fast into infrared.
Hard excitation of hyper parametric oscillations
Hyper-parametric oscillation occurring in the resonators characterized with anomalous GVD usually has soft excitation and sequential growth, as discussed above. Hard excitation is usually attributed to the generation of mode locked frequency combs discussed in the next section. However, the hard excitation regime is also possible in the case of a hyper-parametric oscillation that involves a few modes under conditions of anomalous GVD [180] . No short pulses are generated in this case. To observe these regimes experimentally one needs to consider a resonator having a few modes available for the four wave mixing. The other modes should be eliminated in some way. This is possible in resonators impacted by mode crossing leading to local disruption of the resonator GVD. To reach the hard excitation regime experimentally one needs to abruptly change either the power or the frequency of the pump laser. This technique works for both Kerr frequency comb as well as the hyper parametric oscillation excitation. One of the standard ways of achieving the regime is scanning the pump laser frequency through the chaotic regime (which is usually available even at certain frequencies in a set of a few modes) fast enough in comparison with the resonator ring down time [167] . Non-adiabatic pump power change also can be utilized [181, 182] . This allows collecting some energy in the resonator modes needed to reach the hard excitation regime. It is also possible in some cases to switch between various oscillation regimes avoiding the chaotic and unstable regions by adiabatic changing the parameters of the pump light [183] .
Normal GVD
It is widely believed that anomalous GVD is needed to achieve modulation instability in fibers. However, it was shown that if the fiber is used to create a ring cavity, the modulation instability occurs in the case of normal GVD as well [67] . The reason for this is the availability of frequency detuning of the pump laser frequency from the mode frequency as an additional knob to compensate for the nonlinear cross/self modulation effects [68] . The analysis of the instability involving three modes only: the pump and the two sidebands. While this model is oversimplified, it gives a lot of insight for generation of both narrow and broad frequency combs.
It was shown that the hyper-parametric oscillation can occur at any GVD value for the case of a microresonator in only a few modes are involved. Similarly to the fibers, formation of only two symmetric sidebands with respect to the carrier were initially considered [12, 180] . It was assumed that the hard oscillation onset always takes place in the case of normal GVD. A more detailed study has shown that the normal GVD hyper parametric oscillator also has soft excitation regime within some specific range of parameters [184] .
The first observation of the low repetition rate Kerr frequency combs in CaF 2 resonators was based on mode crossings and had the standard development mechanism for the combs of this kind (Fig. 9) [165] . Initially a primary comb emerged, and then a broad frequency comb with irregular envelope was generated. The repetition rate of the primary comb was determined by the interaction between different families of the WGMs. The signatures of mode crossings can be observed at the optical spectrum of the comb (Fig. 10 ). The particular resonator had 2.55 mm in diameter and was pumped with 1550 nm light, which corresponds to normal GVD β 2 ≃ 2.3 ps 2 /km [165] . Similar results were obtained with a bigger CaF 2 resonator. A Kerr comb was observed in a CaF 2 0.78 cm diameter WGM resonator, pumped with 1320 nm light, and characterized with β 2 ≃ 7.7 ps 2 /km normal GVD [114] . As shown below, a truly mode locked frequency comb generated in a normal GVD resonator has a significantly different envelope.
Mode Locked Frequency Combs
As we mentioned above, mode locked Kerr frequency comb generation is an example of a hyper-parametric process. The the major difference between conventional hyperparametric oscillation-mediated process and mode locked . Spectrum of a frequency comb generated due to interaction among different mode families in a CaF2 WGM resonator. This frequency comb is not supported by the properties of an ideal resonator having no mode crossing. Intracavity avoided mode crossing distorts local FSR of the resonator by as much as 100 MHz. The resonator is depicted at top left corner. Distortion of local dispersion compensates for practically any material and geometrical combunfavorable dispersion offset and allows for comb formation within a narrow range of modified dispersion. The asymmetry of the spectrum is a signature of the mode interaction.
Kerr frequency comb generation is the natural formation of high-contrast optical pulses within the microresonator, pumped solely with continuous wave light. Generic hyperparametric oscillation-mediated frequency combs correspond to low contrast pulses [91] with duration (and separation) comparable with the round trip time of the light in the resonator. The mode locked frequency comb pulse formation is generally associated with the hard excitation regime [119] . The pulses appear as unity objects; they cannot be considered from the perspective of a cascading FWM process. Each pulse represents a dynamic supermode of the nonlinear multi-mode structure (Fig. 11) . We found that that soft excitation of mode locked Kerr frequency comb is possible when GVD of the resonator is comparably large and pump power is relatively small. Discussion of this particular case will be presented elsewhere. 
Importance of small cavities in mode locked lasers
It was recognized long ago that short optical cavities are important for stable generation of optical pulses with high repetition rates. The dense mode spectrum and nonlinearity of long fiber ring cavities result in various kinds of undesirable instabilities. For instance, an optical soliton becomes unstable as the soliton-laser cavity approaches the length of several soliton periods [185, 186] . Long cavity based harmonically mode-locked lasers suffer from the supermode noise [187] . Application of short cavities solve most of these problems enabling generation of high repetition rate optical pulse trains. For example, 2 ps pulses at a 16.3 GHz repetition rate were generated with a 0.25 cm-long actively mode-locked monolithic laser [188] ; 420 GHz subharmonic synchronous mode locking was realized in a laser cavity of total length approximately 174 µm [189] . A significant supermode noise suppression was demonstrated by inserting a small high-finesse Fabry-Perot resonator to the cavity of an actively mode-locked laser [190, 191] .
Pulse propagation in WGM resonators
Pulse propagation in WGM resonators has been studied more recently, but still before the development of the mode locked Kerr frequency comb oscillator. It is reasonable to distinguish between two regimes of optical pulse propagation in a microresonator: i) the pulse duration exceeds the inverse of the free spectral range (FSR) of the cavity, and ii) the pulse duration is shorter than the inverse cavity FSR. The first regime is studied in [192] [193] [194] [195] . The second regime dealing with propagation of short pulses in WGM cavities, which is more relevant to generation of mode locked Kerr frequency combs, was examined in [196] [197] [198] [199] [200] . Time resolved measurements of picosecond optical pulses propagating in dielectric spheres [197] and subpicosecond terahertz pulse propagation in a dielectric cylinder [198] were reported, and microcavity internal fields created by picosecond pulses were discussed theoretically [199] . General theoretical analysis of the propagation was presented and the existence of solitons in microresonators was predicted before the mode locked frequency combs emerged [196] . Usage of active mode locking mechanism was suggested to excite the solitons [200] . Even though the possibility of stable propagation of short optical pulses in a microresonator was predicted independently, the generation of Kerr comb solitons was a new development since the solitons emerged on a DC background that compensated for the unavoidable attenuation of the pulses. This is rather different than the case of passive stable propagation of the pulses in the resonator.
Soliton Kerr combs
The first demonstration of the soliton mode locked regime in a microresonator was reported in [86] . The pulses were generated in a MgF 2 resonator having 35.2 GHz FSR and 450 kHz loaded bandwidth and clearly measured using frequency-resolved optical gating (FROG) technique. Existence of the soliton mode locked regime was independently confirmed for SiN [201] and fused silica [182] resonators. A fully coherent 2/3 octave frequency comb was observed in a SiN microresonator [181, 202] . The optical spectra resembling soliton formation were observed as well [203, 204] .
While anomalous GVD is considered as optimal for soliton Kerr combs, normal GVD resonators can support generation of dark solitons without involvement of any mode locking mechanism or GVD interruptions. This phenomenon was predicted [121, 184, 205, 206] and demonstrated experimentally [92] . Both narrow (hyperparametric oscillation like) [207, 208] and broad Kerr frequency combs were demonstrated under conditions of normal GVD [92, 205] and no visible interaction of the resonator spectrum due to mode crossings. The existence domain of the stable normal GVD mode locked combs is rather narrow [121, 209] and a different type of stable pulses can exist in this case provided a possibility of small interruption of the mode spectrum due to the resonator mode families anti-crossing [152, 153] . It was noticed recently, that the dark pulses are related to so-called switching waves [210] [211] [212] .
Unsolved problems
There are many unsolved problems related to Kerr frequency combs. The low efficiency of the nonlinear process resulting in the mode locked Kerr comb is one of them [137] . The efficiency, defined as the ratio of the pump power and averaged pulse train power, degrades with growth of the comb spectral width, and is inversely proportional to the number of comb lines. A solution has to be developed to circumvent this restriction to enable generation of octave spanning Kerr frequency combs with a relatively low repetition rate. Other problems include generation of a coherent octave spanning Kerr frequency comb, realization of self-stabilization of the comb, generation of frequency combs in visible and ultra violet parts of optical spectrum (mid-IR frequency combs were recently demonstrated [213, 214] ), as well as complete integration of the comb generator with the pump laser on a chip. The complete understanding of the coherence properties of a Kerr frequency comb is also as yet out of reach.
While discussing practically important features of Kerr optical frequency comb generators it is important to compare them with other existing mode locked lasers. The major advantage of the Kerr frequency comb oscillators is related to its small size and low power consumption. The microresonator can be tightly integrated with a semiconductor laser chip to create a fully functioning turn-key device having less than a cubic centimeter volume and consuming less than a Watt of power (where 90% of the power consumption goes to the electronic drivers as well as temperature stabilization of the microresonator). One of major feature allowing achievement of this tight integration is related a possibility of self-injection locking of the laser to the microresonator generating the frequency comb (Fig. 12 ). Self-injection locked Kerr frequency comb oscillator. Selfinjection locking of a DFB laser (a) to a whispering gallery mode (d) is achieved through resonant intracavity backscattering. The emission of the laser is evanescently coupled into the whispering gallery cavity via a coupling prism (c) and a collimating lens (b). This locking technique allows for tight laser-mode frequency detuning control and achieving a very narrow laser line. An example of a packaged all-optical self injection locked Kerr comb generator is shown at the picture above (top, right). Unlike thermal locking selfinjection locking is supported at both at blue and red slopes of the mode. As a result, coherent combs with both CaF2 and MgF2 resonators were achieved with the laser self-injection locked to the mode that generates the comb [96] . An example of the frequency spectrum of a coherent comb produced by the described technique is shown at the chart above (top, left).
The packaged microresonator comb [204] has less than 10 nm 3 dB spectral width, which is broad enough for some applications. The major unsolved problem is related to generation of a coherent frequency comb covering an octave in optical frequency domain and still consuming less than a Watt of power (currently existing broad comb generators consume more than a Watt of optical power which precludes their integration on a chip). The octave spanning is needed for the f-2f self locking of the frequency comb [5] .
Breathers
The suggestion [75, 76] that the Kerr comb generation can be analyzed using a driven damped nonlinear Schrödinger equation or the Lugiato-Lefever equation (LL) has made feasible application of numerous results of earlier studies of this equation, as well as the insight provided by the study of physical systems described by this equation to the optical microcavity case. Among others, LL equation has a number of dynamic solutions including the so called Kuznetsov-Ma (KM) solitons [215] [216] [217] and Akhmediev breathers (AB) [218, 219] . These solutions correspond to time dependent envelope pulses formed on a finite background plain wave and belong to a general class of time dependent dissipative solitons that exist in various physical systems [220, 221] .
Kuznetsov-Ma solitons
Both KM-and AB-like soliton solutions can formally exist in a CW-pumped high finesse nonlinear ring microresonator [121] . KM solitons correspond to an optical pulse that propagates in the resonator, where the envelope of the pulse periodically changes at a time scale much longer compared with the round trip time. The corresponding spectral width of the frequency comb forming the pulse slowly varies in time, as well. Such a behavior is known to be an example of Fermi-Pasta-Ulam recurrence [219, [222] [223] [224] corresponding to counterintuitive periodic behavior of a complex nonlinear system with many degrees of freedom. It fits well the assumptions of the mathematical model of the Kerr combs. Indeed, by derivation, the LL equation is valid for the study of a processes that is slow compared with the round trip time of the resonator.
Both bright [121] and dark [206] KM breathers exist. The bright breathers are observed for the case of anomalous GVD, while dark breathers are observed in the normal GVD resonators. Depending on initial conditions, there exist a large variety of the time-dependent solitons. Some of them change symmetrically with respect to the pulse center, some -not. The last case is observed with high order pulses [206] .
Akhmediev breathers
The observation of a KM soliton does not depend on the geometrical position of the observer with respect to the resonator rim. In contrast, the AB solution is localized in space and, hence, if a 1D resonant analogy of the AB soliton exists, its observation should be dependent on the geometrical position of the observer. This is possible if a standing wave is excited in the cavity. Similar conclusion is related to the study of ultrashort rogue optical waves in the CW pumped microresonators [126] . Again, the LL formalism is suitable for description of these processes if the time scale is long enough in comparison with the round trip time. Therefore, the time scale of the rogue wave formation should be much slower than the round trip time.
Breathers have not been directly observed in microresonators as yet. However, their existence was validated experimentally using long optical fiber cavities [225] . The observed breathing period was approximately ten round trip times, which corresponds to the numerical simulations. The breathers should be studied deeper for the case of microresonator-based Kerr comb generators and proper experiments should be devised to observe the phenomenon.
Chaotic solutions
In addition to breathers the LL equation brings to life chaotic solutions. The dynamic chaos was demonstrated experimentally by every group working in the field. The first observation of an octave spanning frequency comb suggested the possibility of chaos, since the linewidth of each comb harmonic was measured to exceed both the pump laser linewidth and the optical mode bandwidth [226] . The first concize demonstration of the chaotic regime in a crystalline WGM resonator as well as a discussion of its importance to reach the hard excitation regimes of the soliton combs was presented in [167] .
Dispersion Engineering
The resonant enhancement of frequency conversion processes is the most efficient when both the pumping light and the light generated due to the nonlinear interaction are confined in corresponding WGM modes, and conversely, the nonlinear process can be suppressed completely if there is no WGM mode to support the light that would be produced by the nonlinear interaction. For instance, stimulated Brillouin scattering is observed either in low-Q WGM resonators or in WGM resonators specifically made to observe the effect. SBS is not observed in high-Q resonators with sparse spectra where there is no WGM that could support the Stokes component of light. Kerr frequency comb generation is less demanding on phase matching. Still, to achieve generation of a bright soliton mode locked comb one needs to create a mode family with anomalous GVD having nearly a flat wavelength dependence. Since a WGM spectrum can be very irregular, especially in larger resonators, finding the conditions when the nonlinear process is resonantly phase and mode matched is one of the most challenging tasks related to the observation of the resonantly enhanced nonlinear interactions. Fortunately, the WGM spectrum can be engineered and a desirable pattern of WGM can be created by changing the shape of the resonator and the refractive index distribution of the resonator host material. In the following sections we overview some known correction mechanisms.
Local correction
Most microresonators contain many mode families. These mode families are independent in ideal devices. However, imperfection of the resonator host material, surface, and morphology lifts the orthogonality of the resonator modes by breaking the resonator symmetry. Presence of subwavelength inhomogeneities results in resonant Rayleigh scattering and strong coupling of clockwise and counter clockwise modes [43, 227] , while large scale deviations results in avoided crossings of modes belonging to different mode families. The frequency pulling magnitude was measured to reach gigahertz scale in crystalline resonators [228, 229] .
A clear visual demonstration of the mode crosscoupling of co-propagating modes was performed with a silica microsphere immersed into a dye solution. Resonant frequencies of several cavity modes running in the same direction were simultaneously excited and formed a static interference pattern at the resonator surface [230] . Similar pattern formation was achieved with microtoroids [231] . Such an interaction of co-propagating modes can be used to correct local GVD of a resonator to achieve a desirable regime of the Kerr frequency comb generation.
Importance of mode crossing for Kerr comb generation was discovered [120] and confirmed by multiple studies [171] [172] [173] [174] [175] [176] 232] . Some of them assert usefulness of mode crossings (see, e.g., [120] ), while others claim their detrimental role for generation of the Kerr frequency comb (see, e.g., [175] ). In our opinion, both statements are correct.
The local dispersion modification due to mode crossing results in achievement of soft excitation regime of the oscillation characterized with excitation of the fundamental (harmonics separated by single FSR) frequency comb. This regime can be achieved in resonators characterized with both normal and anomalous GVD. It is possible to generate frequency combs with harmonics separated by single, double, triple, etc. FSR separation in the same resonator by a controllable modification of the resonator temperature or pump power. Thermal dependence of the local GVD in birefringent resonators like those made with MgF 2 allows controlling the local GVD value in real time and can be used for Kerr comb stabilization [233] . It is sometimes enough to change the resonator temperature by a few mK to suppress comb generation. The generation is restored if the temperature is restored. Local mode coupling helps to ignite mode locked regimes in single normal GVD ring resonators [201] . It is also possible to use a set of coupled resonators to control the GVD using the mode interaction principle. In this way Kerr comb generation, repetition rate selection, and mode locking are achieved with coupled SiN microrings controlled via an on-chip microheater [234] . The frequency combs generated in this way have relatively narrow optical spectra but are characterized with high stability and high relative coherence of the frequency harmonics. Therefore, artificial introduction of mode crossings can be considered as a tool for local correction of the resonator GVD and is helpful for Kerr frequency comb generation.
On the other hand, avoided mode crossings, occurring due to linear mode coupling, prevent soliton formation when affecting resonator modes in the vicinity of the pump laser frequency [175] . These crossings disrupt growth of the soliton frequency comb. They also introduce uncertainty to the GVD value in a multimode resonator [120] . This "noise" prohibits practical creation of multimode microresonators having a single mode family with very small GVD value, which is frequently required for generation of octave spanning soliton Kerr frequency combs.
An example of highly coherent Kerr frequency comb generation demonstrated in CaF 2 resonator with 9.9 GHz FSR is shown in (Fig. 13) [235] . The spectral patterns of the combs hint that a cluster of modes is formed in the resonator. The resonator has nearly zero normal GVD and generation of this type of a stable frequency combs looks unlikely there without admitting the mode crossing hypothesis. The laser is self-injection locked to the resonator mode (this is the first demonstration of usefulness of self-injection locking for the frequency comb generation). The experiment is described in [235] .
Global correction
The total resonator GVD consists of the material and geometric contributions. While it is hard to change the dispersion of the material, it is possible to change the morphology of the system and achieve the desirable GVD. This was realized with respect to fiber optics four decades ago. For instance, phase-matched nonlinear mixing in an optical fiber was achieved using the dispersion of the waveguide modes to compensate for the dispersion of the material [93] [94] [95] . More recently it was found that micro-structuring of waveguides can provide control over the GVD to improve supercontinuum generation [236, 237] . It is reasonable to expect that similar techniques should work for the case of microresonators.
Mode crossing alters the local GVD of the resonator allowing generation of spectrally narrow Kerr frequency combs. Further extension of the comb envelope requires a cross-talk-free mode family within a very broad range of wavelength as well as flat anomalous GVD. To perform global GVD modification different techniques can be applied. It is possible to reduce the modal density and crosscoupling by changing the resonator shape, e.g. reducing the mode volume by making oblate toroidal resonators [42, 238] or by shaping the resonators as a low contrast protrusions on a cylindrical preform [239, 240] . In general, suggested methods of global GVD manipulation for Kerr frequency comb generation include i) selection of different mode families for dispersion optimization [241] [242] [243] , ii) modification of the resonator morphology [173, 203, 232, [244] [245] [246] [247] [248] [249] [250] [251] [252] , and iii) development of composite resonators or resonators with spatially inhomogeneous material properties [134, 209, 246, [253] [254] [255] [256] [257] .
An important dispersion correction mechanism was discovered in SiN microrings. It was found that the wavelength dependence of the Q-factors of the modes participating in the Kerr frequency comb formation acts as a fast saturable absorber and can be used for mode locking and generation of bright solitons in resonators characterized with normal GVD [201] .
Wavelength dependent gain, e.g. Raman gain, can also initiate mode locked Kerr frequency combs [258] . Low threshold stimulated Raman scattering (SRS) was observed in microresonators before the emergency of the Kerr frequency comb [56] . This process does not require any phase matching of pump and signal and frequently competes with Kerr frequency comb generation [12, 169, 232, 259] . Cascaded mixture of multiple FWM with SRS frequently creates comb-like spectra around the carrier and SRS tone. However, if wave mixing is not supported by the modal structure of the resonator, it is possible to generate a mode locked SRS frequency comb that does not produce significant sidebands around the pump frequency (Fig. 14) [258] . Similarly to generation of multioctave hyper-parametric oscillation [96] , the mode-locked SRS is observed when the pumping is performed at normal GVD where the generation of the conventional Kerr frequency comb has a higher threshold.
Conclusion
We reviewed some aspects of hyper-parametric oscillation as well as Kerr frequency comb generation from the historical perspective and traced the path made by discoveries during the last decade. While this review is not complete by any means, it reflects the major developments in the field and shows the great potential for further studies in the area to address many remaining unanswered questions. A discussion of the applications of the frequency combs is left beyond the scope of the paper. However, we believe that the development of chip-scale devices utilizing the frequency combs to their full capacity will become the major driver for the research of the microresonator Kerr frequency combs in the years to come. 
